In this article, a multi-scale computational homogenization scheme is proposed for the study of compos-ite materials. A classical unilateral contact law has been incorporated in the microscopic level, for the investigation of the contact between the constitutive materials. The either-or decision resulting from the contact-no contact condition in the microscopic scale, makes the problem non-linear. This change in the contact state of the microscopic level, is taken into account by the proposed approach. Debonding between the matrix and the surrounding fibers and its impact on the macroscopic structure, are depicted. In addition, a change in the direction of the macroscopic load during analysis, results in a non-linear behavior due to the alteration of the microscopic contact state. The distribution of the displacement jump is influenced in this case, as well.
Introduction
In the present work a multi-scale, computational homogenization scheme is proposed for the study of composite materials. A classical unilateral contact law is applied in the microscopic interfaces to capture the contact behavior of the constitutive materials.
Several different, analytical and numerical approaches have been proposed in the past for the investigation of complex, non-linear, heterogeneous structures, like composites. Analytical/mathematical methods, like asymptotic homogenization [1] , can be more accurate in the description of the micro structure, for relatively simple microscopic patterns and constitutive laws. On the other hand, numerical methods may be used for the simulation of complex microscopic geometries, over a statistically defined representative amount of material [2] .
Numerical/computational homogenization can be extended to cover several non-linear effects, like contact, debonding, damage and plasticity [3] . According to numerical homogenization, a unit cell is explicitly solved and the resulting average quantities are then used for the determination of the parameters of a macroscopic constitutive law [4, 5] .
From another point of view, multi-scale computational homogenization incorporates a concurrent analysis of both the macro and the microstructure in a nested multi-scale approach, [6] [7] [8] [9] [10] [11] [12] [13] [14] . Within this method, the macroscopic constitutive behavior is determined during simulation, after solving the microscopic problem and transferring the necessary information on the macroscopic scale. This approach, which is generally called FE 2 , offers the flexibility of simulating complex microstructural patterns, with every kind of non-linearity. Furthermore, the evolution of the microscopic structure can be taken into account, by using this method. More recently, some sophisticated efforts for investigating localization phenomena with computational homogenization tools, appear in the literature [15] [16] [17] [18] [19] [20] . It is worth noticing that in the majority of these articles, a continuous damage law has been used to simulate failure in the microscopic scale. In the macroscopic scale a discontinuous law describing a macro crack is numerically obtained.
Some efforts toward coupling contact mechanics and computational homogenization also appear. In [21, 22] contact mechanics is coupled with multi-scale homogenization for the study of rough surfaces while in [23] the investigation of a three body frictional system with rigid particles, embedded between a deformable elastic solid and a rigid surface, takes place. Debonding between the matrix and the surrounding inclusions of a composite material has been also studied in [24] by using contact mechanics and homogenization concepts. In [25, 26] an interfacial failure model with normal and tangential brittle-elastic springs and a bi-linear cohesive zone model have been developed respectively, for the simulation of progressive debonding in the matrix-fiber interface of composite materials. In [27] a bilinear cohesive law is used to simulate failure between the fibers and the matrix interface; then, a comparison between periodic and minimal kinematic boundary conditions is given. In [28] a unilateral contact-friction and a damage evolution law have been used for the simulation of a masonry, brick-mortar interface, within a homogenization framework.
In this article an Augmented Lagrangian formulation has been used for the simulation of the contact state between the constitutive materials, in the microscopic scale of composite structures. A continuous macroscopic model is considered in the macro scale and an overall multi-scale contact computational homogenization scheme is developed. With this numerical scheme, several phenomena related to the microscopic contact conditions and its impact on the macroscopic model, have been investigated. Among them are included the influence of the jump of displacements on the macroscopic response, as well as the alteration of the macroscopic load direction during analysis resulting in a microscopic contact change and its impact on the macroscopic structural behavior.
A short introduction to computational homogenization
The approach adopted in this article is related to the concurrent analysis of the macroscopic and the microscopic structure, respectively. According to the classical formulation of the multi-scale computational homogenization [6] [7] [8] 10] , two nested boundary value problems are concurrently solved. The initial heterogeneous macroscopic structure is equivalent with a homogeneous one, in each Gauss point of which, a suitably defined RVE is correlated. This RVE includes every heterogeneity and non-linearity of the material.
With linear or periodic boundary conditions, a macroscopic strain is the loading of the RVE. After analysis and convergence of each RVE in every Gauss point, results concerning the average stress and the stiffness are given back to the macroscopic structure, Fig. 1 . No assumption for the constitutive law of the macroscopic structure is a priori considered, thus the macroscopic constitutive behavior is numerically obtained. This is a practical solution to the major question of homogenization, namely which are the properties of the homogeneous constitutive law.
Averaging relations
According to the Hill-Mandel condition or energy averaging theorem, the macroscopic volume average of the variation of work equals to the local work variation, on the RVE [29] :
Among others, three widely used types of loading states, which satisfy the above condition, can be applied to the RVE: (a) prescribed linear displacements, (b) prescribed tractions, (c) periodic boundary conditions. In the present study both linear displacement and periodic boundary conditions have been used. According to linear displacement boundary conditions, the loading in the boundaries of the RVE is given by the following relation:
where a loading strain M is applied to the boundaries @V m of the RVE. With x is denoted the matrix with the undeformed coordinates of the boundary nodes of the RVE.
Periodic boundary conditions require periodic displacements, as well as antiperiodic tractions, in the opposite boundaries of the RVE. In particular, the displacements of the opposite boundaries are given by the following equations:
where the displacements in the top, bottom, left and right boundary are estimated by using the prescribed displacements of three corner nodes of the RVE, namely 1, 2 and 4, given by relation (2) . In order to proceed in the formulation of a homogenization scheme, the average quantities of both the microscopic strain and stress should be defined. The constitutive relation will be then numerically built, as is shown later in this article. The general averaging relations, are:
Eq. (4) can be further simplified. The volume average microscopic strain is equal to the macroscopic strain which has been applied as loading to the boundaries of the RVE:
In case prescribed displacements are applied to the RVE, the following simplified formulation for the macroscopic stresses, has been chosen [10, 13] :
where f is the matrix of the resulting external forces in the undeformed coordinates of the boundary nodes x of the RVE, after microscopic analysis has been completed. A similar relation is chosen for the macroscopic stress, in case periodic boundary conditions are used [10, 13] : where f p denotes the external forces in the three corner nodes with prescribed displacements and x p the undeformed coordinates of these nodes. For the completion of the homogenization procedure, the stiffness of the macroscopic structure should be calculated. In particular, the consistent tangent stiffness must be incorporated in the Newton-Raphson incremental iterative procedure. This is obtained numerically, by requiring the relation between the variations of the average microscopic (e.g. the macroscopic) stresses and strains. In the next sections will be shown how it is obtained in the framework of computational homogenization, by using a classical Augmented Lagrangian formulation in the microscopic level, for the description of the unilateral contact problem.
Computational homogenization and contact mechanics

Formulation of the multi-scale scheme
In this section the proposed contact formulation, which is incorporated within the microscopic RVE, is presented. In particular, the classical multi-level computational homogenization approach will be initially given. It will follow the presentation of the numerical scheme adopted for the simulation of the contact between the fibers and the matrix in the RVE.
The formulation given in [10, 13] is followed for the implementation of the multi-scale numerical scheme, when both prescribed displacements and periodic boundary conditions are applied to the boundaries of the RVE. For the prescribed displacements, after convergence of the RVE analysis, the system of equilibrium equations is partitioned:
With the letter f are denoted the free and with s the supported degrees of freedom. Eq. (8) lead to:
In case periodic boundary conditions are applied to the boundaries of the RVE, constraint Eqs. (3) should be taken into account. Lagrange multipliers [13] or transformation of the system of equations [10] , can be used respectively. In this work the second approach has been followed, according to the description given in [30] . Thus, the initial system of equations is properly transformed to a new condensed system. Degrees of freedom that correspond to the bottom and left boundaries of the RVE are condensed out. Just for completeness, are given here the main steps of the procedure. Initially, the constraint equations in the discretized domain are written again and partitioned to retained (r) and condensed (c) degrees of freedom:
Eq. (10) leads to:
After transformation of the initial system of equations, the final, condensed system is obtained:
This system is solved similar to (8) and (9), by partitioning into prescribed and free degrees of freedom. Now the three corner nodes of the RVE correspond to the prescribed degrees of freedom. According to the next step of the procedure, the consistent tangent stiffness of the macroscopic Gauss point should be obtained. This is achieved by formulating the relation between the variation of the macroscopic stress and the macroscopic strain. First, the relation of the prescribed displacements either on the whole RVE boundaries (linear displacements) or on the three corner nodes (periodic displacements) is given by:
where D is the matrix with the (undeformed) positions on the whole boundary nodes or on the three prescribed corner nodes of the RVE and d
M is the variation of the macroscopic strain. The average stress of the RVE, which is equal to the macro stress, is given by:
where df s is the external force vector in the boundaries of the RVE (total boundaries or three corner nodes). By substitution of (9a) and (13) into (14), the stress-strain relation is formulated and the consistent tangent stiffness of the macroscopic level, C M , is obtained:
It is noted that for the periodic boundary conditions, K M is given by partitioning of relation (12) into supported and free degrees of freedom.
Definition of the contact interface between constituent materials
For the definition of the behavior of the interface among the constituent materials of the microscale, a unilateral contact law is considered. The simplest, node to node discretization has been chosen to define the contact condition of each interface between the matrix and the fiber of the composite material.
For one nodal pair i depicted in Fig. 2 , the unilateral contact law is described by the following relations [31] : Fig. 2 . Node to node discretization for the interface among constituents adopted within Matlab.
where u a i is the displacement vector of each node which belongs to a nodal pair of the interface, n 1 i is the unit normal vector to the master surface and delta i a potential initial gap. Inequality (17a) represents the non-penetration relation and (17b) the requirement that only compressive stresses (contact pressure) are allowed in the interface. Eq. (17c) is the complementarity relation which states that either separation with zero contact stress occurs in the interface or contact is realized with possibly non-zero contact stress.
For the implementation of the above contact formulation, a Matlab code is written. First, the unit normal vectors in each node of the master surface are calculated. Then, relations (17) are written for the whole discretized structure (see Section 4.3). Finally, an Augmented Lagrangian formulation is used for the solution of the contact problem in each interface of the microscale (Section 4.3).
According to the description given here, a simplified approach to evaluate debonding is chosen. Thus, debonding is only depicted by the unilateral contact law of relations (17) . No further criteria have been used for debonding initiation/evolution and no tensile resistance has been considered in the interface. This is because the main purpose of this article is to propose a methodology for coupling computational homogenization and contact mechanics. The consideration of these aspects, which would contribute to a more realistic representation of the problem, is left for future work.
Contact computational homogenization
The main idea of this article is related to the investigation of the contact state between the matrix and the fibers, in the microscopic level of a composite material, within a multi-scale framework. To succeed in this, a classical Augmented Lagrangian formulation [31] is properly incorporated in the above mentioned multi-scale homogenization scheme. Thus, the Newton-Raphson incremental, iterative procedure is used for solving the contact problem within an interior loop; an exterior Augmentation is also used for updating the Lagrange multipliers. In the following lines details of the development of the equilibrium of the system, are given. Further details regarding Lagrange multipliers updating, can be found in [31] .
An optimization approach has been chosen, for depicting the equilibrium of the system and the contact constraints [32] :
With g is denoted the gap function, delta stands for a potential initial gap while t N is the vector of the normal forces in the contact interface. The objective function of this scheme (minimization of the potential energy, (18a)) results in the equilibrium of the system, while inequalities (18b) and (18c) correspond to non-penetration and non tensile resistance conditions of the classical unilateral contact problem. Optimality conditions of the above optimization scheme with the inequalities constraints are written as follows:
and after substitutions from (18) the following equilibrium equation arises:
where N is the penalty term and k N is the Lagrange multiplier vector for inequality constraints. Linearization of the non-linear Eq. (20) with the Newton-Raphson, leads to the linearized Eq. (21):
which is rewritten as:
where vector G is the residual force vector which incorporates all the contributions from the active contact elements [31] and k is the initial stiffness matrix of the RVE. In order to complete the proposed contact multi-scale computational homogenization scheme, coupling between the Augmented Lagrangian formulation and the multi-scale algorithm presented in Section 4.1, should be considered. In particular, after convergence of each RVE analysis, partition is applied to the tangent stiffness matrix K of the RVE (relation (22b)). In case linear displacement boundary conditions are applied to the RVE, the full system of equations is partitioned (relation (8)), while for periodic boundary conditions the condensed system (12) is partitioned, respectively. After partitioning, K M matrix is obtained and the tangent stiffness of the macroscopic level is given by relation (16) . Finally, the macroscopic stress is calculated from Eq. (14).
Some aspects of the proposed approach
Separation of scales
The concept of the multi-scale computational homogenization presented in this work, is based on the separation of scales. Thus, the length scale of the microscopic model should be significantly smaller than the characteristic size of the macroscopic structure. Due to this principle, the macroscopic deformation field can be considered as a uniform loading factor for the microscopic RVE. In addition, according to the description given before, the proposed method adopts a first order homogenization approach. Consequently, size effects are not taken into account. This means that the proposed method cannot yet depict severe deformation gradients in the macroscopic model resulting in localization phenomena. This extension is left for a future work.
Parallel analysis
The computational cost is a very important parameter for the multi-level computational homogenization. This is due to the consideration of a non-linear micro problem, into an overall, macroscopic, non-linear analysis. In order to reduce the computational cost, parallelization of the numerical scheme, has been adopted.
The proposed multi-level computation homogenization model is schematically presented in Table 1 . In the shaded area of this Table is shown how parallel processing is applied in the numerical model. The adopted procedure is straightforward, thus each RVE analysis takes place in a separate core, in parallel. This is an advantage of multi-scale methods.
Details of the numerical model
In the framework of the present study, several models have been developed with the proposed contact computational homogenization scheme. Within these models, the macroscopic domain is a simple continuous, rectangular structure. The RVE, which is called in each macroscopic Gauss point, represents the microscopic structure of a composite material; thus, it consists of a matrix and a number of fibers.
For the discretization of the contact between the matrix and the surrounding fibers, the simplest node to node case has been chosen in a small displacements framework, while friction is omitted. In addition, the tensile strength of the interface is regarded equal to zero and no other plasticity constitutive law has been considered in the proposed scheme. This would probably give more realistic results. However, the main goal of this article is the examination of the contact behavior, consequently, only a pure contact problem is analyzed in the microstructure.
For both the macro, and the micro structure, plane stress, full integration finite elements have been used. The Newton-Raphson incremental iterative procedure has been also used for the solution of the microscopic problem. This problem is non-linear, due to the either-or, contact-no contact condition between the matrix and the fibers. For the numerical implementation of the whole described scheme, a Matlab code has been developed.
In every RVE model, the same fraction between the matrix and the fibers is considered, thus 62% matrix and 38% fibers. The material properties adopted in the RVE, are chosen from the literature [24] 
It is worth noticing, that according to the proposed research no material law is initially considered in the macroscopic scale of the problem. The material law and the relevant stress-strain relation, is built only numerically, in the course of the computational homogenization procedure.
The geometry of the macroscopic structure, the loading and the boundary conditions which are initially considered, are shown in Fig. 3(a) . A second, tensile load has been also applied to the macroscopic structure, according to Fig. 3(b) . In Fig. 4 the mesh of the microscopic models consisting of one, nine and twenty inclusions, is presented.
Initial results
For the investigation of the influence of the RVE mesh density, two types of analyses were conducted for the models with one, four and nine micro fibers and the macroscopic load shown in Fig. 3(a) : one with denser mesh and another with less dense mesh. The denser mesh of the models with one and nine fibers is shown in Fig. 4 . The mesh size of the macroscopic structure is considered constant, and equal to 25 elements, Fig. 3 . According to Fig. 5 , the force-displacement diagrams of the macro model, obtained for each case, are quite close indicating that within the proposed approach, there is a small sensitivity of the RVE mesh density on the results.
Another short investigation related to the influence of the macroscopic mesh on the results, was conducted. Three macro models with 25, 100 and 225 finite elements were tested, for the (a) (b) Fig. 3 . Geometry of the macro model with a mesh of 25 elements and two load cases. microscopic model with one fiber. A concentrated macroscopic vertical loading (instead of a distributed one) is applied to the upper-right corner node of the macroscopic structure. The corresponding force-displacement diagrams presented in Fig. 6 demonstrate a divergence in the response, indicating that the macroscopic mesh size can influence the results. However as the macroscopic mesh size is increased, the difference in the response is reduced. To reduce computational time, the macroscopic model with 25 elements has been considered in the following simulations of this work.
To study the effect of the boundary conditions which are applied to the RVE, on the macroscopic behavior of the structure, both linear and periodic boundary conditions have been tested. According to Fig. 7 only a small difference in the corresponding force-displacement diagrams, is obtained.
Finally, an overview of the behavior of the composite material is presented in the following lines. In Fig. 8 the macro structure and the respective RVEs in two selected Gauss points are given, for the model with four fibers, periodic boundary conditions in the RVE and the macroscopic load shown in Fig. 3(a) . According to this Figure, debonding appears in the upper left part of the macro model, however, it does not appear in the bottom left part of it. Later in this article, more detailed results about debonding will be presented.
The proposed multi-level computational homogenization model can be used for bigger and more realistic microscopic formulations. Thus, the same macroscopic structure and a . Force-displacement diagrams of the macro structure, after consideration of a dense and a less dense mesh size for the RVE. Fig. 6 . Force-displacement diagrams of the macro structure, for increasing macroscopic mesh density. microscopic model with twenty fibers have been also considered, Fig. 9 . In this microscopic formulation, the inclusions are irregularly distributed into the matrix of the composite material, contrary to the previous cases (see Fig. 4 ).
To complete the presentation of the initial results, the tensile macroscopic load shown in Fig. 3(b) is examined. Fig. 10 shows the macro structure and the respective RVEs in two selected Gauss points, for the model with four fibers and periodic boundary conditions in the RVE.
Non-linear behavior due to changing of the macro load direction
If the direction of the macroscopic loading is changed during the finite element analysis, the related force-displacement diagrams are expected to be non-linear, due to the alteration of the microscopic contact state, from contact to no contact, or the opposite. The proposed numerical scheme can depict this non-linear behavior on the macroscopic model, due to the presence of the unilateral contact effects in the micro level.
In order to demonstrate how the non-linear nature of the microscopic contact problem affects the macroscopic structure, a different macroscopic loading has been tested, Fig. 11 . The load shown in Fig. 11(a) , which is applied in a first load step, imposes a total compression to the macro model and does not cause debonding in the RVE. In a second loading step, the load shown in Fig. 11(b) tends to change the contact status in the RVE and causes debonding in the matrix-fiber interface.
From the results of this investigation some interesting conclusions can be drawn. First, the corresponding force-displacement diagram shown in Fig. 12 is no more a straight line. Instead, it has an inclination due to the changing of the contact state in the micro structure, from no-opening to opening. In addition, the diagram indicates an improved response, in comparison with the case of a single load (where only the load shown in Fig. 11(b) exists) . This is attributed to the fact that the stiffness of the structure has been increased, due to this compressive force which is initially applied to the macroscopic model (first load of Fig. 11(a) , then load of Fig. 11(b) ). Furthermore, this simple example demonstrates how the macroscopic loading conditions may potentially influence the behavior of the structure when debonding in the microstructure occurs, as well as how debonding itself can influence the macroscopic behavior.
Consideration of the displacement jump
In [2] is given that the average microscopic strain of the RVE is equal with the loading strain of relation (2) only when the material of the RVE is perfectly bonded. Thus, when debonding occurs the displacement jump should be taken into account. The proposed contact multi-scale homogenization algorithm considers the jump of displacements, which arises between the matrix and the surrounding fibers, as is described by the following relation:
where M and V m are the loading strain and the volume of the RVE, @V 1 ; @V 2 the common boundaries between the matrix and the fibers and kuk the displacement jump which arises after RVE simulation.
According to the adopted procedure, the macroscopic strain M , which is applied to the RVE, incorporates both the (element by element) integration of strains and the jump (relation (23)).
An example of a single RVE with one fiber is presented here, to show this detail. First, one strain loading that causes debonding, is applied to the RVE. When the RVE simulation is completed, the average strain of the material is calculated, by using the strain integration, in the right part of Eq. (23) . With this element by element integration, the average strain except the areas with the gaps, is estimated. Then, the contribution of the displacement jump is calculated by using the second part of the right term of relation (23) . The summation of the integration of strains and the jump contribution, results in the strain loading that was initially applied to the RVE.
In a second example, a strain loading which causes an almost zero debonding is applied to the RVE and the above mentioned procedure is repeated. It is confirmed that the loading strain is approximately equal to the element by element integration of strains of the deformed RVE, as the jump contribution is close to zero.
In particular, for a loading strain 
Investigation of the debonding in the RVE
As a continuation of the previous section, the influence of the displacement jump resulting in debonding between the constitutive materials, is examined here. A new overall multi-scale model has been developed, where debonding is not permitted between the matrix and the fibers, meaning that a tie connection has been applied between them. It is noted that this is a linear model since the contact-no contact condition has been removed from the micro formulation. Instead, only a fixed contact (tie) restriction has been used.
According to the results, the behavior of the macro structure is significantly improved, in comparison with the case that opening between the constitutive materials is permitted. In Fig. 14 the macroscopic force-displacement diagrams obtained from the two models, from an RVE with one fiber and the macroscopic load shown in Fig. 3(a) , are presented. It is shown that debonding causes a reduction in the stiffness of the material resulting in a more flexible behavior, contrary to the model with a tie connection between the matrix and the fibers (e.g. no debonding), in the RVE. Similar diagrams are obtained for the models with more microscopic fibers.
One of the main advantages of the proposed numerical scheme is that it can offer an insight of the debonding in each RVE, corresponding to each integration point of the macroscopic model. Consequently, a measurement of debonding, which can be considered as Fig. 12 . Force-displacement diagrams of the macroscopic structure for a combined (in two steps) and a single loading.
(a) (b) Fig. 13 . Single RVE analysis (a) with displacement jump and (b) with almost zero displacement jump after the RVE simulation.
Fig. 14. Force-displacement diagrams in case debonding is permitted, or is not permitted in the RVE.
a debonding map in the macroscopic model, can be given. This is a reflection of the microscopic behavior, on the macroscopic structure.
In particular, the evaluation of debonding throughout the multiscale analysis, can offer more details about the distribution of it in the macroscopic domain, as well as the areas of the macro structure where this phenomenon becomes more severe. In diagrams shown in Fig. 15 the summation of the debonding corresponding to the four integration points of some macroscopic elements is given for the model with four micro fibers and the external loading shown in Fig. 3(a) . According to this Figure, element 21 of the macroscopic structure suffers the biggest debonding, while element 22 and element 16 follow (the enumeration of the macroscopic elements is given in Fig. 3) .
Based on the previously mentioned results, the distribution of debonding in the macroscopic structure is given in Fig. 16 . These values appear in each RVE, corresponding to each macroscopic integration point. The map of debonding on the macro structure can be used for the evaluation of this phenomenon, during the incremental-iterative procedure of the multi-level analysis. Fig. 17 shows the distribution of debonding for the second (tensile) load given in Fig. 3(b) .
Furthermore, for the alternative macroscopic loading of Fig. 11 , the corresponding force-debonding diagrams are shown in Fig. 18 . According to this Figure, the diagrams are not linear. The change of the contact status in the microscopic level from contact to no-contact, which is also depicted in the non-linear diagram of Fig. 12 , results in a non-linear response: initially no debonding appears; as the macroscopic external load is gradually increased, debonding appears in some RVEs and the corresponding diagrams become non-linear.
In Fig. 19 the distribution of debonding is given, for this alternative loading of the macroscopic structure. Contrary to Figs. 16 and 17, is shown that the distribution of debonding changes, during analysis. Small values close to zero initially appear, due to the total compression of the macroscopic structure, Fig. 11(a) . As the Fig. 3(a) ). Fig. 17 . Distribution of debonding (mm 2 ) in the macroscopic structure for (a) the 1st, (b) the 5th and (c) the 10th time step (tensile macroscopic load, Fig. 3(b) ).
loading which causes debonding is gradually applied (Fig. 11(b) ), debonding is increased and debonding distribution in the macro geometry is changed. The final distribution is similar to the one obtained from the model with the non-combined loading, Figs. 16(c) and 19(c) respectively.
It is worth noticing that the above mentioned non-linear behavior is not attributed to a specific assumption, but is gradually obtained as analysis of the macroscopic model and the detailed RVE with unilateral contact interfaces, is evolved.
Comparison between the proposed model and direct numerical simulation analysis
For the validation of the proposed method and the results presented in the previous sections, a direct heterogeneous macroscopic finite element model is developed with the commercial software Abaqus. The same approach has been adopted in several scientific publications [10, 16, 17] for creating a reference solution.
Comparison with the results obtained from the multi-scale computational homogenization method is considered (a) for the initial macroscopic shear loading, (b) for the tensile loading and (c) for the combined load case with compressive and shear loading resulting in a non-linear force-displacement diagram. Since the main goal of the article is to present the methodology for developing a numerical scheme which incorporates classical contact mechanics into multi-scale homogenization and not to solve a specific material science problem, the mentioned ''numerical experiment'' is considered as an adequate validation of the proposed approach, thus no further experimental results have been used.
The multi-scale model which is considered for the comparison, is the model with the matrix and one fiber in each integration point of the macroscopic structure, according to Fig. 4(a) . It is compared with a direct numerical simulation (DNS) model shown in Fig. 20 . Unilateral contact law in each interface between the matrix and the fiber, together with plane stress, full integration elements have been used in the DNS analysis. The dimensions and the boundary conditions of the DNS model are the same with the homogeneous macroscopic model considered in the multi-scale analysis, given in Fig. 3 .
Before presenting the results of the comparison, some details regarding the DNS analysis in Abaqus as well as some conceptual similarities -differences between the approach proposed in this article and the DNS analysis are given. A surface to surface discretization is used to simulate contact between the matrix and each of the fibers in the DNS analysis. Concerning the requirements in the normal and the tangential direction of the interfaces, unilateral contact stands for the description of the opening/contact condition in the normal direction. Zero tensile resistance is considered in the matrix-fiber interface, thus no traction -separation law is used. In the tangential direction some soft springs were used, to avoid rotation of the fibers.
On the proposed contact multi-scale homogenization scheme a node to node discretization was used. To eliminate rotation of the fibers, some soft springs were used. Similar to DNS analysis, no traction -separation law has been used, indicating zero tensile resistance in each interface. For the three mentioned macroscopic load cases, the respective force-displacement diagrams given in Fig. 21 show a good comparison between the DNS model and the proposed approach.
For the shear macroscopic loading, the state of the contact condition between the matrix and the fiber is similar in both models, according to Figs 
Conclusions
In the present article, a multi-scale computational homogenization approach is proposed for the study of composite materials. A classical unilateral contact model has been incorporated in the overall numerical scheme, for the study of the microscopic structure. Thus, an Augmented Lagrangian formulation is used for the evaluation of the contact state between the matrix and the surrounding fibers, in each RVE. Several microscopic models are then tested.
The presence of the contact law in the RVE, affects the behavior of the macroscopic structure. Depending on the macro load, the contact state in the RVE can be changed from opening to no-opening and vice versa, resulting in a non-linear macroscopic force-displacement diagram. In addition, is shown that a proper macroscopic load combination can result in the increase of the response, because the contact status in the micro scale is properly affected by the macro load.
The influence of debonding on the structural response of the macro model has been also presented. In case debonding is not permitted in the microscopic level, the behavior of the macroscopic structure is significantly improved. This attributed to the fact that when debonding appears in the RVE, a loss of stiffness is caused in the macro level.
In the framework of the proposed approach, distribution of debonding can be represented in the macroscopic model. Contour diagrams are used, as a tool for the evaluation of debonding in the macroscopic level. Relevant diagrams showing debonding in each RVE when the external macroscopic load is gradually increased, are presented. For a different macroscopic load combination, these diagrams become non-linear: first a branch with small or zero debonding appears, then another branch with increasing debonding follows.
In the proposed method a first order homogenization approach has been followed. As a result it cannot be used for depicting localization phenomena in the macroscopic scale. The extension of the method on this type of problems as well as the incorporation of a contact constitutive formulation representing tensile resistance in the RVE interfaces, will be the subject of future investigation.
